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An iterative technique is given for separating a two-dimensional vector 
into irrotational and solenoidal parts. In contrast to classical methods, the 
procedure operates directly on the orthogonal scalar components of the vector 
field, and gives the two separate fields as the result of a single sequence of 
operations. The manipulations are somewhat similar to a relaxation process. 
An example of the decomposition of a meteorological wind field is given. 
1. INTRODUCTION 
In a finite region, a vector F that is piecewise differentiable can be repre- 
sented as the sum of two vectors, F1 and Fz , one of which is irrotational, and 
the other solenoidal. This well-known theorem due to Stokes and Helmholtz 
is given in standard texts (e.g. [l, 21). The irrotational vector F1 can be 
represented as V@, where @ is a scalar potential, and the solenoidal (or non- 
divergent) vector F, as V x A, where A is a vector potential. The present 
discussion will be limited to two-dimensional vector fields, i.e., 
F = U(X, y) i + W(X, y) j. In this case, one can replace A by - #k, where k 
is a unit vector normal to the plane of F and I+!J is a scalar often called the 
stream function. That is, 
F=V@+kxVVt/,=F,+F,. (1) 
In certain problems, one wishes to obtain the two vector fields F1 and Fz 
from F. Ordinarily, this is done by determining @ and I/, and then taking 
the proper space differentials implied in (1) to give F, and F, . The solution 
for CD comes from the operation 
V.,=$+$= VW = qx, y). 
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The divergence D can be determined at each point of a grid mesh from the 
derivatives of u and v; @ is then determined by solving a Poisson equation 
under appropriate boundary conditions. Similarly, the operation k . ‘V x F 
gives 
av au --- 
ax ay = VI+ = R(x, y). 
The rotation R can be determined from the indicated derivatives of u and v, 
and again solution of a Poisson equation with boundary conditions gives JI. 
This sequence is the classical method for obtaining 0, #, F, , and F, . The 
present paper gives an alternative method for obtaining F, and F, , without 
recourse to @ and #, through direct manipulation of the F field. In the 
author’s experience, it is simpler and more convenient for certain applications 
than the classical method, and provides an insight into the characteristics of 
the separate fields. 
2. METHOD 
Consider that the vector field F is represented at points of a rectangular 
mesh that spans the region of interest. At each point, the space differentials 
of u and v that detine D and R are evaluated as first-order centered differ- 
ences. Now consider a typical point in the grid. By definition, the solenoidal 
vectors in this locale must have the proper value of R and a value of D = 0. 
To find vectors that meet these conditions, one alters the II and v fields at 
adjacent points by amounts just suBicient o cause D to be zero. Considering 
the next point in turn, we again alter the adjacent u and v values to produce 
D = 0. However, previous alterations may have disturbed the R field, so a 
second set of corrections must be made to restore it to its original value. 
Succeeding points in the mesh are treated in the same manner, i.e., local 
alterations are first made to set D = 0 by correcting u values at neighboring 
points on the x axis and v components at neighboring points on the y axis, 
and then alterations are made to return R to the original value by correcting 
v values at neighboring points on the x axis and u values at neighboring points 
on the y axis. In this way, a new vector field is produced that has the original 
values of R and a value of D everywhere zero. This is a solenoidal vector 
field. An irrotational vector field is the difference between the original field 
and this solenoidal one. Of necessity, it ha8 the property that R is everywhere 
zero. Alternatively, the irrotational field may be obtained as the net 
vector alteration made at each grid point during the process described 
above. 
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The present procedure treats the simultaneous linear partial differential 
equations 
g+g=w, 
av au ---= 
ax ay R(x, ~1, 
Let x = jr, where T is the grid increment along x, and j = 1,2, 3, - M. 
Similarly, y = Rs, where s is the grid increment alongy, and K = 1,2,3, - N. 
The subscript 0 indicates original values of the components of F. In finite 
difference form, (4) may be written as 
[U&j + 1, k) 2r uo(j - 1, k)] + hh k + l) - %(.h k - ‘)I = ~(j 
2s 
k) 
’ (54 
[v,,( j + 1, k) 2r v,,( j - 1, k)] _ h(j9 k -t 1) - %(jy k - I)1 = R( j k) 
2s ’ ;5b) 
Both D and R are evaluated at all points except those on the boundary of the 
region. As stated earlier, to remove the divergence at a grid point, one makes 
alterations tothe u components at the neighboring points on the x axis and to 
the v components at the neighboring points on they axis. The alteration to the 
u component at point (j + 1, k) is made equal and of opposite sign to that 
at point (j - 1, k), and the same applies to the v components at points 
(j, k + 1) and (j, k - 1). D enote the alterations by uo( j, k) and ve( j, k). 
If we include them in Eq. (5a) and require that the divergence vanish, then 
{[z+,( j + 1, k) + uD( .A WI - h(j - Lk) - di, 411 
2r 
+ {[vo( j,k + 1) + vD( j, WI - h( i k - 1) - dip 411 = o 
2s 
(6) 
Using Eq. (5a), this can be rewritten as 
di 4 + vdi k) 
r 
- + Dt( j, k) = 0. 
s 
The subscript t written with D or R signifies the temporary value that exists 
at a grid point at the latest stage of the iteration, and the absence of a sub- 
script implies desired (final) values. 
If the first wo terms in Eq. (7) are made to contribute equally to the 
divergence, then 
udiv k) = - 4 (r) Pt(i 41 
vD( j, k) = - + (4 VW, 41. (8) 
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The altered values of wind components at the grid points adjacent to 
(j, k) are equal to the original values plus or minus the changes given by 
Eq. (8). Using a * to denote an altered value, we have 
u*(j + 1, k) = u,(j + 1, h) + uo(j, k) 
u*(j - 1,K) =uO(j - 1,k) -u,(j,k) 
o*(j, k + 1) = v,(j, k f 1) + E&i, k) (9) 
v*(j, k - 1) = zlO(j, k - 1) - Vo(j, k). 
These changes reduce the divergence at the grid point (j, k) to zero, so 
that u* and a* are solenoidal with respect to this point. However, the altered 
wind components change the divergence at surrounding points from that 
originally calculated. Also, the changes made in eliminating divergence alter 
rotation to new values R,( j, k) that are slightly different from the desired 
values R( j, k). Therefore, additional alterations uR and vR are made to restore 
the rotation at point (j, k) to the desired value through use of equations 
analogous to (6) and (7). The equation corresponding to Eq. (8) is 
dj, 4 = Q (4 Pdi, k) - R(j, WI 
M, k) = - Q (r) [W, k) - R( j, k)]. (10) 
The components us and vR are applied at neighboring points, giving new 
values of u and v, i.e., 
u**(j, k f I) = u*(j, k + 1) + Ml k) 
u**(j, k - 1) = u*(j, k - 1) - ua(j, k) 
v**(j + 1, k) = v*(j + 1, k) + qdj, k) 
v**(j - 1, k) = v*(j - 1, k) - vR(j, k). 
(11) 
Then at the next point in the order of computation, a new divergence is com- 
puted using the most recent winds and is removed using the procedure 
above, and the rotation is adjusted as necessary. One proceeds through the 
grid by rows (or columns) and, after the first iteration, begins over. In numer- 
ous meteorological cases that have been investigated, the values of D(j, k) 
decreased quite rapidly. The computation proceeds until all values of D(j, k) 
are less than some small preset value. It can be seen that the technique tends 
to cancel out positive and negative values of D that lie within the region. At 
the same time, it adjusts the values of u ** along the left and right boundaries 
and of v** along the top and bottom boundaries, so there is no net inflow 
or outflow into the region. This causes the average divergence to be zero, and 
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may be thought of as a method of causing original divergence to be passed 
outward through the boundaries. 
The values of II and v that exist at the end of the process are taken as 
F, , the solenoidal portion of F. However, this solenoidal field (having compo- 
nents us and vs) is not a unique solution, since addition of a constant vector 
at each point of the region would leave the values of R and D unchanged. 
This property permits the solenoidal vectors to be adjusted so that their 
length averaged over the grid is equal to the average length of F. The adjust- 
ment is made simply by computing average values of us and u,, and adding 
their difference (e,, - tis) to each value of us, and treating the v components 
similarly. In practice, the differences have been found to be small in com- 
parison to tiO and v,, . This procedure gives a unique solution. Finally, the 
irrotational components ul and v1 are computed at each mesh point as 
(u,, - tls) and (vO - vs). At this stage, the separation of the original field into 
solenoidal and irrotational portions is complete. Due to the adjustment 
mentioned above, the averages of uI and v, over the region are both 
zero. 
It can be seen that the basic procedure of successive alterations is analogous 
to a Gauss-Seidel relaxation process (see Young, Chapter 11 in [3]). However, 
boundary conditions of the sort required in relaxation are unnecessary. In 
certain problems where data are available only in restricted regions, this is a 
distinct advantage. 
3. EXAMPLE 
The example given below is a meteorological one. Figure 1 shows a two- 
dimensional vector field F plotted according to the length scale in the lower 
left corner. These vectors represent the average air motion in the first 4OW 
feet above the earth’s surface for the area indicated at a particular time- 
00 GMT, 28 April 1966. Using the method given above, after I5 iterations 
one obtains the solenoidal vector field shown in Figure 2. This is quite 
similar in general appearance to Figure 1, but is somewhat smoother. Direct 
computation has been used to verify that this field is divergence free. The 
irrotational portion of F is shown in Figure 3. 
For this same case (and also for a number of others), irrotational and 
solenoidal fields were obtained independently by the classical method using 
Neumann boundary conditions for @ and +. These fields proved to be essen- 
tially identical to those obtained by the direct method, and serve as a check 
on the results. 
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FIG. 1. Wind vectors in the lowest 4000 feet above the ground over the United 
States on a typical spring day. Speeds are plotted in the units meters per second 
according to the scale indicated. 
FIG. 2. The solenoidal portion of the wind vectors of Figure 1. 
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FIG. 3. The irrotational portion of the wind vectors of Figure 1. 
4. DISCUSSION 
The direct method provides a convenient and rapid means for decomposing 
a two-dimensional vector field into solenoidal and irrotational portions. 
Also, the technique may be applied to a wider class of problems than indicated 
above. Consider that one has a vector field Ft that is only an approximation 
to a desired field. The latter may be prescribed by certain values of D and R 
over the region; these are somewhat different from the divergence (D,) and 
rotation (R,) of Ft . The desired field F can be obtained by using Ft as a 
first-guess field, after replacing the term in brackets in Eq. (8) with 
P*(i, 4 - xi a and then following the steps given earlier. Applications 
of this sort exist in problems of fluid dynamics and perhaps also in other 
fields. 
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